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Occupation Times of BROWNian Bridges

Dr. ANDREAS PECHTL

Abstract. In this note explicit formula for the density and the distribution of Occupation Times of a BROWNian
Bridge YW = {Yt(”)} , defined by Yt(”) =W, —t-W,—t-u forall 0<t<1 and a standard BROWNian

0<t<l

motion W = {Wt } 120 » are provided.
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Introduction. Let be W ={W,} _ a standard BROWNian motion or WIENER process and

W = {W (u )}tzo with Wt(” ) =W, —t- # a WIENER process with linear drift, respectively. Then
1

the induced process Y ={Yt(°)} defined by Y, :=W, —t-W, for all 0<t<1 is called a
t=0

1
BROWNian Bridge and more generally the process Y(")={Yt(” )} defined by
t=0

Y =W, —t-W,—t- for all 0<t<1 is called a BROWNian Bridge with linear drift.

t

Traditionally, a BROWNian Bridge Y© is introduced as a time-continuous process whose
distribution is for all BOREL sets C e %[0;1] on the space C[O;l] the conditional probability

P[Y ©) ¢ C] = P[W € C|\N1 = 0] of a WIENER process W given the condition W, =0. It can

be easily shown that this definition of a BROWNian Bridge by conditional probabilities is
equivalent to the definition given above.

Furthermore Occupation Times T, (T;O)(Z) of a certain continuous function Z:[O;T] —-R

are commonly defined by

T, (T;0)(z)= ] 1[z(t)>0]-dt,

t=0

and even more generally with respect to a certain level x € R
T
I, (T;x)(z):= J. 1[Z(t) > K‘:'-dt .
t=0

For x#0 we denote by TK(Z):= inf{r > O‘Z(z') = I(} the First Passage Time (FPT) of the

level x by z. After all, we think that the reader is familiar with the notation
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Distribution of Occupation Times of a BROWNian Bridge with Linear Drift. In this
1
section we shall consider the general case of a BROWNian Bridge Y ) = {Yt(” )} with linear

t=0
drift, i.e.

Yt(ﬂ) :Yt(o)—t-ﬂ:Wt—t'Wl —t'/,l, IL[ER, Ogtgl,

1
and its occupation times T, (I;K)(Y(”))= Il[Yt(”)>K]dt in the time-interval [0;1].
t=0

Obviously, the distribution P [F+ (I;K)(Y(” )) < u} , Ue R, is concentrated on the real interval
[0:1], ie., P[R (l;x)(y(#))g u} =0 for all u<0, and P[R (l;K)(Y(/‘)) < u} =1 for all
u>1. In the following we shall derive for ue[0;1], dh :lhing[—h;h] and dx=x-+dh for

xeR the density and distribution of T, (1; K)(Y(‘ ’)) :

For 0<u<1 we start the computation of the density P[R (I;K)(Y(”))eduJ and the
distribution P[R (l;x)(y(ﬂ))su} with the case x>0. Since YO(#) =0 we have to pay

attention to the fact that P[R (I;K)(Y (ﬂ)) = O} may be larger than 0. Thus we obtain the

following results.

P[F+ (1;K)(Y<”>)=0J = P[maxOstgl Y < K‘:| :1—P[max AL >K‘:|,

0<t<l 't t
where by GIRSANOV’s theorem

P [maxogtSI Yt(”) > K‘:| = P[maxoStSI (Wt -t-W, —t~,u) > K] =
= I P[maxogtgl (W, —t-x—t-u)> W, e X+dh] =

xeR

= I P[maxogtgl (W, —t-(x+ 1)) > W, —(X+,u)e—,u+dh] =

xeR

2 2
= I exp{'u ;X }-P[maxogtglwt > k;W, e —u+dh].

xeR

Now, if & < -, this yields P[max,.,W, > x;W, € —u+dh]=P[W, € —x+dh] and thus

2 2
P[maxoglet(”)>K}=\/;7- J. exp{‘u 2X }-exp{—%}-dhzl,

xeR
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such that P [F+ (I;K)(Y(ﬂ)) = 0} =0.

Furthermore, if & >—u, this yields P[max,.W, >x;W, e —u+dh]=P[W, €2-x+ x+dh]

by reflection principle and thus

22 . 2
P[maXOStSIYt(/”) >K‘i|=\/21_ﬂ: j- exp{# ;X }exp{_w}dh:exp{_zK(’(‘+ﬂ)}’

xeR

such that P[F+(1;K)(Y(ﬂ))=0}:(1—exp{—2./<.(r<+,u)}). Concluding we arrive at the

result
(E-1) P[R (I;K)(Y(”)): 0} :(1—exp{—2-K-(K+,u)})-1[1c+,u >0].

Using the familiar techniques, especially GIRSANOV’s theorem, we obtain for 0 <u <1

P[R(l;/{)(Y(”))edu}: P[Jl.l[Yt(”) > i |-t edu_ ~ PU W, —t-W, —t- g > &c]-dt edu}:
t=0 t=0

1
= I P I1[Wt—t-x—t-,u>1<]-dtedu;W1ex+dh =

xeR t=0

- | P i1[vvt—t-<x+ﬂ>>x]-dtedu;vvl—(x+u>e—ﬂ+dh}=
t=0

- .[ E exp{—(x—i-ﬂ).wl _(X+2ﬂ)2}_1{tj. 1[Wt >zc].dt e du;W, e—,u—i—th_

=0

2 2 1
= I exp{’u ;X }-P{Il[wt>K]-dtedu;Wle—/yz+dh}.
t=0

xeR

1
Thus we only have to compute P{ I 1[Wt > K]-dt edu;W, € —u+ dh}.
t=0

1 1-u 1
P{J.l[Wt > k]-dt e du;W, e—,u+dh}= I P{TK(W)edT; J. 1[W, > x]-dt e du;W, e—,u+dh}.
t

=0 7=0 t=r

Since W_=x and with respect to the independence of increments we further obtain by

applying the joint density formule for a WIENER process and its occupation times,
o

P J. 1[Wt > O] -dtedu;W, e+ dh} , and for its FPT the following integral representations,

t=0

1
P| [ 1[W, > x]-dt e du;W, e—y+dh} =
t=0
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1-u 1
[ )edr; J. [Wt—WT>O]-dtedu;W1—WTe—(/(+/yz)+dh}=

)
I

|:jf1[W >0] dt e du;W,_, (K+1u)+dh]p[TK(W)edT]:

(l(+,u)2
o P 9.1 t
K+p (1-7-1) dt-

3

_2— 3 -exp{
T r=0t=l-7-u I:t(l_z-_t):IE *’2'72"’[5

K_Z
——}-dr-du-dh; K+u<0
2.7

—f;}ufduum K+ >0
2-T

This yields to the following double integral representation.

N R—

(rc+p)
eXpy—=—
lu 11 2.(1_7_'[) P
.dt- ——ldr-du; x+u<0

\/ﬁ.r_ot_]:[‘“ [t-(l—z'—t):li —\/ﬁz_% -exp{ 2.7

(c+u)
Ly P _2.(]_2-_t) 2
KiK. -dt- K 3-exp{—2’( }-dr-du; K+u>0

\/ﬁ T.L“=” I:t-(l—r—t)]% \/ﬁ'l’g 't

We shall now consider first the subcase x+ 4 >0. Then we obtain for the above double

integral

1-u 1-7 2 2
J‘ J‘iz‘ K'+,u 3exp{_M}dt . Lg"exp{— K }dz' s
T=0t:UtE wlz.ﬁ.(l_f_t)i 2.(1_2-_1:) /272-2-5 2-7

and furthermore by substitution y=1-t and v=1-u

K+ u .ex _(K+,U)2 . -Lﬁx _K_2 dr |
I I -y): Lﬁ-(yr)z p{ 2'(Y—T)} dy} Lﬁ,,i p{ 2'7} ‘ ]

rOyr

By commutation of the integration variables 7 and y we arrive at the representation
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S Ktu _(K+u)2} | Y Y o |
y'[o(l_y); Jo{\/ﬁ.(yr); p{ 2'()’—1) dy:| |:\/ﬁz_; p{ 2'1_} d ]

Evidently, for this integral we just obtain by interpreting the appearing terms as densities of
first passage times of the independent increments of a WIENER process

T J.P[TKW Jedy - r] P[T Ed‘[:|

:0 2 =0
f 1
P (1-yp

2wep b by {_M}
V27 VIO[(l—y)-y] P

<

P[szﬂ )edy]=

Then by application of PECHTL (1999) [eq. (2), Remark 1.2] and remembering v =1—-uU we
arrive at the explicit representation for the density

(E-2)  P[T.(1x)(Y")edu]=

1-u

+2-(2\./’%1u)-\/?-eXp{—2-K"(K+,U)}'€Xp{—%}-du.

By one straightforward integration step we finally obtain for all 0<u<1 the explicit
representation of the distribution.

=2-(1—(2-K+,u)2)-exp{—Z-K-(K+,u)}-. / '(—(2-;<+,u)- L]-du+

(E-3) P T, (1:x)(Y“)<u| =P (1x)(Y*)=0]+ u P, (1:x)(Y") e do |-

=0

=(l—expi—2-x-(K+ +expl 2Kt UIimL}-ex {—M}-da):
(1-exp{-2-5-(x+ w)}) p{z} Now w[()yfo[(l_y)_y} L I

=1+2-(u-(1—(2-K+,u)2)—1)-exp{—2~lc-(l(+/1)}~. / (—(2-;«”{)-\/%}

2K u,(l_u),exp{_z,,(,(,(w)}.exp{_M},

N2m 2-(1-u)

Moreover, we now consider the second subcase x+ x#<0. Then we obtain for the above
double integral
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R U D ) IO N G ) N 0 N DR ) B
Jm_l_{_uti 2z (1-r-t): p{ 2'(1—74)} & !\/ﬂ_ri p{ 2'7} ‘ ]

and furthermore by substitution y=1-t and v=1-u

R N B G0 ) B {_(muf} | DS B v |
,L yj (1_y)§ Lﬁ-(y—r); p 2-(y-7) dy} Lﬁ.; P{ z.f} d }

. . : : . 1
Now, we have to pay attention to the two-dimensional integration areas. For 0 <v <— we

have v <7 +1-v such that the above integral can be represented by the sum of integrals

Y C57) B {_(mu)z} | S
,onl,(l_y)z L/ﬁ-(yr)z P2 (y-0) dy] _\/ﬁ-r% P{ 2.7} d ]

TIOyL(l_y)i L/ﬁ.(yf)i Pa-0) N p{ 2'T}d]

+U oy . —(K+,U) .ex {_M} _. _* _K_z dr |
rJ-0y=J1-U(1_y); {\/ﬁ(yr); p 2.(y—z-) dy_ [\/ﬁrz p{ 2.1} d ]

Interpreting the appearing terms as densities of first passage times of the independent
increments of a WIENER process yields

]). .T 1 3'P[Tf(xﬂ,)(w)edy—TJ'P[TK(W)edr]+

=0 y=7 (1 — y)E
v 1-v

+ 1 3-P[Tf(ﬁﬂ)(W)edy—r]P[TK(W)ed7]+
=0 y=0 (1— y)i
v T+l-v

+ 1 P[Tf(H#)(W)edy—r]PI:TK(W)edz':I.
=0 y=l-v (1_ y)i

By commutation of the integration variables 7 and y we arrive at the representation

e

J.P[ (esn) edy r] P[T )edr]—i—

270

-[ [ (K+ﬂ)(W)Edy_T]P[TK(W)Gdr]Jr

7=0

+
"—-

I\)
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+.l[ ! T T P[Tf(ml)(W)edy—z'}P[TK(W)edz'J:

y=1-v (1 — y)z r=y-l+v
= JU. ! 3'j{P[T(Kﬂl)(W)Edy—TJ'PI:TK(W)EdT}-i-
y=0 (1_ y)E =0
1-v v
+.[ ! 3-J.P[Tf(ﬁﬂ)(W)edy—r]-P[TK(W)ed7]+
y=v (l—y)g 7=0
¢ 1 t
+la}ir% T J. P[Tf(ﬁﬂ)(W)edy—r}-P[TK(W)edr].

y=1-v (1 — y)E r=y-1+v

We consider those three integrals successively. For the first one we obtain

IP[ ern) edy z‘} P[T edz':|=

( 2_0

= 'T ! P[T edyJ

r ! 3-jP[T_(KW)(W)Gdy—r}-P[TK(W)edr:lz

Doy

L[ R[T, W) edysT, (W) ede]= | — L P[T, (W) dy;T, (W) < [0:0]]=
1=y Py

g

=y£(l_ly)§ 'P[Tﬂ(W)edy]—yL(l_ly); ~P[Tw( ) € dy; maxW, <'<J

T ! 7 j P[T(Kﬂ,)( )edy r] P[T W)edr:lz
y=l-v (1 - y)z =y-l+v
- T 1 ; j P[T_,(W)edy:T, (W)edr]
y=l-v (1 - y)z —y-1+v
-] L _p[T,(W)edy;T, (W)e[y-1+v;0]]

<
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= J. ! -(P[T_#(W)edy;maxwrZK}—P[T_H(W)Edy; max WTZKD=
=1-

0<r<v 0<ry-l+v

= J' ! -(P[T#(W)edy; max WTSK}_P[T#(W)edy;maxw,SKD
=1-

0<r<y-l+v 0<7r<v

Concluding these results we arrive at the following sum of integrals,

T ! 3 -P[Tfﬂ (W)edy]+
o(l-y)

. K 1 r 1
+la}£r11 I 3 -P[Tﬂ(W)edy;M{rﬁl%wWT SK‘:|— .[ —g'P[Tfﬂ(W)Edy;{Qf‘;ﬁWﬁ"J )
y=l-v (l_y)z y=v (]_y)z

In the second case 5y <v <1 —where 1-v<v —we represent the integral in question by

Lj(l_y)i 2z (y-r) p{ 2'(y—f)} v 2 p{ 2‘T}d

w2

R ) e C70) N {_M} ) PR
Lj(l_y)i 2z (y-o) R EE TS

n 1 ~(x+4) .exX {_M}.d
g(l—y)z 27 (y-2) ’ )~

+J‘I 1 . —(K+,U) -exp{— (K+,U)2}.dy __L,
S (1Y) [V2er(y=r) |

w2

w2

s‘

3

N

N w
(@)
o
o
|

v\\‘ »

%/_/
o
!

where B=B, +B,+B, with B:={(7;y)|0<z<v;r<y<r+l-v} is the union of the three
pairwise disjoint sets

{(z‘;y)|0£ y<l-uv;0<7< y},
: {(z‘;y)|1—u< y<uv;y-l+v<r< y},
::{(r;y)|z)<ysl;y—l—i-USrSU}.

Bl
BZ
BS
Thus, we arrive at

L e ) {_M} el Lo
e Lﬁ-(y—rﬁ 1209 dy] Lﬁ l “}d}

w
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Y R P (522 R {_M} | % epl L.
e i{m,(w); 120 dy} !Jz_ ol

y'—[u(]_y); Ty‘[1+l)|:\/ﬁ.(yz-)z P 2-(y—z‘) dy:l _\/ﬁ-z'% p{ 2.1-} d ]

Interpreting the appearing terms as densities of first passage times of the
increments of a WIENER process this yields

P —
—_

—_
—_—
|
<
~—
| W

J'P[ (er) edy r] P[T )edr]—i—

( 2 r=

+.T ! - j. P[Tf(ﬁﬂ)(W)edy—‘r}P[TK(W)ed‘r}ﬁL

+j ! - J’ P[Tf(KW)(W)edy—r}P[TK(W)edr}:

= E-IP[T_(KW)(W)Gdy—r]-P[TK(W)eer+

+j L i P[T_(KW)(W)Edy—r}-P[TK(W)edr]—i-

tlim [ —! - j P[T,., (W)edy—z|-P[T (W)edr]

Again, we consider those three integrals successively. For the first one we obtain

J-P[ (ern) W) edy- r] P[T )edr]:

( 21'0

P[T_,(W)edy].

The second integral can be transformed as follows.

independent

O 7)Y N 5.27) I PO SO (.l o
L._.(y_r)i p{ 2'(Y—T)} dy] Lﬁ_ri p{ 2'T} ‘ }
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—c
J—
(98]
—

[ P[T oy W)edy—7]-P[T, (W)edr]=
y=l-v (1 — y)E r=y-ltv

J-P[ (k1) W) edy- T} P[T )edr]—

-v ( 2 7=0

1+v
1 y—

I P[Tf(my)(w)edy—T]P[TK(W)edr]=

1 P[T_, (W)edy]- j

- .P[T_#(W)edy;TK(W)e[O;y—lﬂ)]]:

(=) o (1-y)

= J' 1 3'P|:T*#(W)Edy:|_ I 1 3.P|:T#( )edy, max W, >K:|
y=1-v (1 — y)E y=l-v (1 _ Y)E 0<r<y-l+v

~ | L .P[T_y( )edy; max W, <,<}
y=l-v (1— y)E e

Finally, we obtain for the third integral
(2} 1 v
| - [ P, (W)edy—7|-P[T, (W)edr]=

y=0 (1 — y)E r=y—l+o

- J. 3'P[T,#(W)edy;TK(W)e[y_l_,_U;UH:

= s P[T,(W)edy;T, (W)e[0:0]]-

3 .P|:T—ﬂ (W)Edy;TK(W)e[O;y_1+U]]:

0<r<y-1+v

= .P[T_y( )edy, max W, <K}

_.T 1 'P[T_ﬂ( ) € dy; maxW, <K}

0<zr<v

3 'P[T—u( ) € dy; max W, <1<J

0<7r<v

+lim I 1 .p[T_ﬂ(W)edy; maxW<K} J'

0<r<y-l+v
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Evidently, in both subcases for v we arrive at the same integrals. Thus we have to determine
the remaining limit for @ — 1. The first of those integrals can be transformed as follows.

1 - -P[T_#( )edy; max W, <K}W_V=HU

y=l-v (]—y)i y

w-1+v
= I ! 3-P[T_ﬂ( ) € dw+1—v;maxW, <K‘j|

= 0<r<w

w=0 (U—W)2

w-1+v K —
= I ! - I PIT ,(W)edw+1- Uggfgvcvw <KW, edx]

w=0 (U_W)E X=—00

o-1+v K _
= [ L [ P[T ., W)edni1-0] P| maxw, <xw, e dx |-

2 L 0<7r<w

w=0 (U—W)Z X=—00

w-1+v K _ _
= | L [ PIT,.,(W)edn+i-v|-(P[W, edx]-P[W, e dx-2-x]) =

w=0 (U_W)E X=—00 - -

w-1+v K _ —
- j ! - j P| T ., (W)edh+1-v |P[W, e dx]-

w=0 (U_W)E X=—0 - -

w-1+v K

- L [ P[T oy (W)edn+1-0]P[W, e dx-2:x]

w=0 (U—W)E X=—00
52
Defining f (&;7):= \/_ 7 exp{ 2—} we obtain by integration by parts
T

w-1+v K a
_[ T _[ a—f(x+,u;1—u)-f(x;w)-dx—
w=0 (U-W)z X=—00

w-1+v d

dw

W - I if(x+y;1—u)-f(x—2-r<;w)-dx:
w=0 (U—W)E X=—00

K o-1+v

:XLf(XJrﬂ;l—u). W[O (Uf"\‘l’v); .{%f(X—Z-K;W)—%f(x;w)}.dx'

Now, we shall first consider the inner integral.

—_—

w-1+v dW { 6

f(x-2- Kw)_%f( )}:
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exp {— X
w-l+v
.. . X 2-w
Determining the integral . .[

N2em (w-(u—w))%

(Xj w-1+v exp {_ Xz }
dw Jv . I 201 -dr.

b,
0 (w-(0-w))2 a2 (r(1-n)

-dw we standardize this integral to

Furthermore, we have to pay attention to the case 0 < X <k and to the case X <0. In the case
0 <x<x we obtain

i 1_X_2 expi— x? | —x l-w N 2-X o-1+v expi— x?
u% v 2.0 v(w-1+0) | 2.7 0* V 1-w 2+( '

w—1+v)

In the case X <0 we obtain

2 . X_2_1 -ex — X2 ] X I_—a) + 2-X . a)_1+u.ex _X—z
U% v AT vi(o-1+v) ) 2.7.0° N 1-0 P 2-(w-1+0) |

(x—2-x)
exps —————
. . . x—2-x “F 2-w .
Similarly, since X—2-x <0 for all X<« the integral . —-dw is
N2 d

w=0 (W(U—W))E
equal to

2 2
2 v 20 v-(0-1+0)
v
2
R R
T [0} (C{) 1+U)
Concluding we have to consider the sums of the following integrals.
ij‘ f(x+u1-0)- l—X—2 -expi — x|, x| 1me -dx +
24 v 2-v v-(w-1+0)
v
2 ¢ x? x> -
i I flessi=e) ( jp{ z-u} ( \/v-<a»—1+v>] '

a
A
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2
T3
2

: j: f(X+,u;l—U)-{@—l}@){p{—%}. / '[(X—Z-K)- ﬁ}.dx_

00

v *=

The remaining terms can be represented by the following integral,

2 .(a)—l-i-l)j . j‘ f(Xﬂl;l_u).{%f(x—2-x;a)—1+u)—%f(x;a)—1+u)}.dx.

1-w v

X=—00

Now we transform the second of the two integrals.

yi(l_ly) .P[T_"( )Edy’ggi)éw <K}
1

@

N w

I P_T—M( )GdyW e dx; maxW </(j|

0<zr<v
y U(l 2 X=—00

@ K

- |

y=v ( 2 X=—00 -

g

y=v

j P T_(XW)(W)edy—u] [W e dx;max W, <Kj|

0<7r<v

.[ P_T_(W)(W)edy—u](P[WU e dx]-P[W, edx—2-;<]):

( 2x—

_ T P[Wuedx]'T L P T,y (W)edy-v]-

X=—0 y:u(l_y)i
_ T P[W, edx—2-x]- ]3 ! . .P[T_(Xw)(W)edy—u]
X=o0 y=v (1 — y)i

Thus we first determine the inner integral

f L1, Wyeay-p]- 2o | L EUT) g
iy e " =[(1-y)-(y-0) ]
. _M v o-v ex _M
_X+,u.w—u p{ 2-w }.dwvl“ 1 X+ | P{ 2'(103).\/}(1\/.
o = [(1-o-w)-w] (1-v)2 o V27 [(1-v)-v ]

Since X+ 1 <0 for all x <x we obtain by application of eq. (A-2)



Occupation Times of BROWNian Bridges 14

B €7 I S I 5070 1 SR Py I R
(o = ) S (AR )
~ 2-(x+ ) . w_u-exp _(x+ﬂ)2

\/ﬁ.(l—u)2 - 2(0-v)|

With this result we now consider the integrals

N ey AR A =
(1_0);.XJ‘OOf(X,U)-Ll—%].exp{—Tilu)}., ((X‘*‘ﬂ)‘ mj'dx_

S OO I €072 10 I I €57 D P RN G R Y
L o 10 B (LU e

1-v

\/1260 (w Uj f(x+ mo-v){f(0)- f(-x0)f-

_le_iw(‘l"_‘;)jj f (x4 pmo—v) {8‘1& (x u)—%f(x—lx;u)}-dX:

X=—00

:Ji_w[f_‘u”j ] f(x+y;w—u)-{%f(x—Z-K;u)—%f(x;u)}-dx.

X=—00

le—_.(w_uj . _K_ %f(x+y;a)—u)-{f(x;u)—f(X—2-K;U)}-dX:

Now, for @ —1 the difference of the corresponding second integrals converges to 0 such
that we only have to pay attention to the first ones. With respect to @ — 1 those integrals
reduce to the following sum, using

9| ¢ & 1 & &
— eXpy——=—¢|= J1===|-exps——=7¢,
as[@ p{ zH r[ r) 7P 2
and applying integration by parts
1 7 x> X?
—z-XJ: f(X—i—,u,l—U)-[l—;]-exp{—ziv}-dx—k
v
0 2 2
j X+,u,1 l) [X——lj-exp{— X }-dx—
X=—00 v 2'0

1
t—
L2
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—f (i0) ((’T:u)l ~exp{ (KJFﬂ)z}—\/ﬁ- .’i — f(x+u1-0) f(x0)-dx+
+f (x;0)- ((’jtﬂ)l -exp{ (K+g) }+\/ﬁ j — f(x+ml-v)-— f(x-2-Kx30)-dx =
:2-\/ﬁ-xj;%f(x+y,l—u) f(x-2-i;0)-dx—

By re-substitution 1-v =U we arrive at

exp{—%z}~P[F+(l;K)(Y(ﬂ))edu}:j 1 +P[T ,(W)edy]-du+

ro(l-y)?
+2-\/2-7r-XL%f(x+,u;u)-%f(x—z-x;l—u)-dx-du—
¢ 0 d
—2-\/2-7z-x_j_w£f(x+y;u)-%f(x;l—u)-dx-du,

and consequently, since we have to compute the distribution function

u w l

exp{—%z}-P[ﬂ(l;K)(Y(”))su}: J‘ j - -P[T_”(W)edy]-dw+

W=0 y=0 (1 — y)z

+2-\/2-7z-J. J. %f(x+,u;w)-%f(x—2-z<;1—w)-dx-dw—

w=0 X=—0
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227 J. J. —f (X+ 15 W)- aaéf(x;l—w).dx.dwz

w=0 X=—0

)e dy} dw+J (u,/(;,u)—J (u,O;,u) ,

w0y0 )

where J (u,/c;y) is defined and explicitly computed in Appendix A. Thus, applying
equations (A-7) and (A-8) we arrive at the following closed form representation of
P[R (I;K)(Y(#))SUJ in the case K+ 1 <0,

(E-4) P[F+(1;K)(Y(”))£u}:1—, / {M]

u-(1-u)
Cexnl 2k (ks Ve o (k+u)—(2-k+u)-u .
p{ 2-x+( ,u)} [ \/u-(l—u) J
+2-(1—(2-K+lu)2)-u-exp{—2-K-(K+,u)}-f ) (+u) ((?_IH)-,U) +
42(20 k1) (4 1) -exp {2k (s )} o (Hﬂ)u_.((?jj;ﬂ) ul,

+\/22_—”-(2.K+y)-exp{—2-’<'(’<+ﬂ)}‘ U‘(I‘U)-exp{_((K+ﬂ2).u(i1"<:)”)'u) }

REMARK. For the special case x+ 1 =0 < x =—u the two formule (E-3) and (E-4) coincide.
Respectively, a general formula for the distribution P [R (1; K‘) (Y (s )) < u} can be provided,

P[F+ (I;K)(Y(”))s u} -

(z.(mﬂ)_(z.KW)).u_(H#)J

=l—exp{—z'K'(K-l-,u)}'eXp{z'K'(K"',U)i}'e / [ u-(l—u)

—exp{-2-x-(rc+ )} /

[(K+,u)—(2-lc+,u)-u]+
u-(1-u)

+2'(1—(2-/<+ﬂ)2).u-exp{—2-1<~(;(+ﬂ)}., y [

42 (2 kb p) (kb pt) wexpl-2-x- (s )} [(K+ﬂ)—(2-x+y).u]+
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+\/22._7z--(2'K+ﬂ)-eXp{_2-K-(K+/,[)}- u-(1-u)-exp _((K+y;u.((21._,(u+)ﬂ).u)

Using Y Y for & <0 the distribution of I, (,x)(Y) can be computed via

1

P (L) (Y™)<u|=P[ T, (Lx)(~™)<u]- P{ [1[¥ ) <—x]-dt < u} -

t=0

= P[j 1[Yl(*/t) g—x]-dtﬁu}z P[F+ (13—K)(Y(7”))Zl—u}=1—P[F+ (1;_K)(Y(*ﬂ))<1_uj|_

Uniform Distribution of the Occupation Times of a Standard BROWNian Bridge. As a
special case of formula (E-4) we obtain that the occupation times I", (1; 0)(Y(°)) of a standard

BROWNian Bridge, i.e. with zero-drift, are uniformly distributed, i.e.
(E-5) P[T, (50)(W)<u]=u

holds for all 0 <u<1. This result may appear to be surprising, however, it is well known
independently from the above proof. Moreover, it was even implicitly used for our proof:

BILLINGSLEY (1968) derived the joint density formula P[F+ (1;0)(W ) edu;W, dx]

considering a random walk process. In this context the result (B-2)
P[T, (0)(W)eu+dhW, =0]=du, 0<u<I,

was proved by elementary methods and by application of DONSKER’s central limit theorem
for a WIENER process [cf. Appendix B]. Thus, with respect to eq. (B-1) we obtain (E-5)
immediately from (B-2).

APPENDIX A

Computation of a Certain Type of Integral. Strongly connected to the distribution of FPT
of a BROWNian Motion is the following type of integral,

X2 y2
2t 2-(u-t)

3

[t-(u-9]

}-dt, X,y>0,u=0.

e
X-y
I(u;x,y):zz.ﬁ-.[

t=0
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As well known the density of the FPT T (W) to a certain level x(>0)of a BROWNian

Motion at time 7(>0) is given by
2

P[TK(W) € dz‘] =L3-exp{—l(—}-dr.

V2772 .

Then, I (u;X,y) can be represented by

! PIT,(W")edu-t
|(U;X=Y)=t;[OP[TX(W)edt]- [y( du) }

where W :{WT} and W :{Wr(t)} are two independent WIENER processes for each

720 >0

0 <t <u. Since the increments of WIENER processes are independent, we can represent w®

T

by Wr(t) =W_,, —W,, which immediately — without any further computation — yields to

Ay ()= felnwea,, w)ea)- Pl

X (x+ )2
:%.exp{_z—y}.
\/2-7z-uE 'u

Moreover, to demonstrate the advantages of this interpretation we shall compute that rather
complicated integral without the argument of independence of increments by common
integration techniques.

X2 y2 52 U2
(uy) 2 '“[eXp{_Z-t_z-(u—t)} dt‘-“'f’f-fa’“-fal £v j.eXp{_Z-r_Z-(l—r)} ;
u;X’y = . 3 . = — . 3 .
2.7 2 [t.(u_t)]i u2z 2 [r.(l—z')]E
By further substitution z = ~ we obtain

N
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hold, we finally arrive at

oo Ero LG xey ] (xery)
I(u,x,y)—\/ﬁ‘u exp{ > }—\/ﬁ.uz exp{ T .0

Explicit Computation of the Distribution Integral. With respect to the explicit formula for
standard BROWNIAN Motion and its Occupation Times in PECHTL (1999) [eq. (2), Remark
1.2] we immediately obtain for x >0 and 0 <o <1 the following representation.

—2'(1—X2)'ex —X—2 - =X I-v + 2-X |2 “exXp< — X
P 2| v N2-r V1-o P 2.0

With respect to explicit formula of the distribution integral we have to compute for arbitrary
0 <u <1 the double integral

2
U exp{— }
(A2) —% 2Y) gy -
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u l-o exp{— X2 }
Ly

- -dy-de.
\/2-7[ w:0y=0|:y.(1_y):|%

By partial integration we reduce this double integral to two single integrals.

ex {— X’ } Lex {_ 'S } exp{_xz
_x_ I jl dy-do=u. I P2y dy+ I 2~(1—fo)
\/ﬁ a):OyZOI:y.(l_ Jz \/ﬁ yOI:y ] \/_ (1—0))5-605

By eq. (A-2) we obtain for the first of those two integrals

X2
. exp{—2 y}

JZ'_VLD 1-y)J:

zz.u.(l_XZ).eXp{_%z}_ / .[_X, ﬁ}r\/zz_xﬂ u'(l_u).eXp{_z-()l(z—u)}'

The second integral is directly computed by familiar transformations.

expd X X 1
X u P 2(1_a)) d p:l_w X j« cXp _2p 41_7

u- -dy =

(0]

Now by substitution &=4/¢°-1 and d&=

transformed.

Summarizing all those single results we obtain
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{ Xz }
u l-o eXp -

X 2.
(A-3) —- —yg

gl 5] [ ]

Equation (A-3) is the most important auxiliary result for the distribution’s computation in the
case x+ u>0. For the considerably sophisticated case x+ u <0 explicit solutions of some

more types of non-trivial integrals have to be provided. We start with the computation of

u w 1

ol 2]
+P|T_,(W)edy |-dw=- £ —y3-dy-dw,
w":oyjo(l_y)z I: :| 2. W'[oy!o[y.(l_y)]z

where 1 < 0. Again, we use integration by parts and apply then eq. (A-2),

2
uexp{_ﬂ }
M 2-y

Ly P ”2}
H_. j J@dydwz—u :
N iy o[y (1-y) ] V2.7 y=0[y.(1_y:| V2 Loy (1-w)2

Eq. (A-5) can be easily proved by differentiation.

Furthermore we present the computation of the more complicated integrals
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242 I I ——f X+y,t)$2f(x-2.ml—wydxdw_

w= Ox_—w

—2.42- j j—f X+ )aagf(x;l—w).dx.dw.

w=0 x=

We shall define
(A-6) J(U,ic;u)=2-~2- j j— X+ 1 )aigf(x—z-zc;l—w)dx-dw:
w=0 x=
=22 X_ij[—f X+ 42;W)- aagf(x—z./c;l—w).dw.dx

and obtain

¢t 0 0

— f (X+u;w)-—f(X=2-k51—w)-dw=

W[oaf ( )ag ( )

r PIT, ., (W)edh+1-w
- J. P[TX*'/J(W)EdW] I: : dh :|:

w=0

1 u
=4 | P [Toepre(W)edn+LT, , (W)edw]=

w=0

1
=P Tovan (W) e s minW, <3+ ] =
:d_lh.(P[Tz.w_zA,((W)edh+1]—P[T2AX+#_2K( )edh+1;minW, >x+,u})

0<zr<u

:$~P|:T2,x+y2.K(W)Edh+1]—$- J. P[Tz-x+;z—2:r( )Edh—l—lW edy,r£111<nuW >X+/u}

y=X+u

1
- % . P |:T2»x+y—2-/< (W) € dh + 1] B

L T P Ty apuy (W)edh+1-u|P [W & dy; minW, >X+,u}

0<r<u
y=X+u

L T P Ty apuy (W) edh+1-u | P[W, edy]+
y=X+u
—_ T P[TzA(X_K)W_y(W)edh+1—u]-P[Wuedy—2-(x+y)]:

y=x+u

1 0
< [ Pl Taperguy W) edn+1-u|P[W, edy]+

y=X+u
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1 o0
+%.y_(jx P[T,.,y(W)edh+1-u]|P[W, edy].

+4)

Setting A(X):=2-X+(u—2-x) we compute the integral

1 o0
- | F{Tz,(x_,()w_y (W)e dh+1—u}-P [W, edy]=
y=X+u

S S A CO N B (e ) B gye
_z.ﬂ.(l_u)'y_Jx‘w N -eXp{—.—}._.exp{—y_}.dy_

A*(x)
exp— . (Y
_ { 2 }f yﬂ(x)).exp{(;}f() ) |4

27-(1-u) s, Ju-(1-u

2-7-(1-u)

2.1 —u 2-u-(1—u)
A5(x)
_ﬂ(x)'eXp{_z} [ A()u—x-u
27 . \/u-(l—u) '

We continue with the explicit calculation of, setting y :=2-x+ u.

L T P[T,,(W)edh+1-u]P[W, edy]=

dh 7.,

~ 1 T oyty (y+y) | 1 y’ _
Rz yl—u'e""{‘m}ﬁ'e"p{‘ﬂ}'“‘

23
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f]

27 ey (1-U) U

_expz{ﬂz}-\/E-exp{—();:l_(ly_j))z}+%ez{_—” } / [x:‘;zlfu';‘}.

Finally, since X <« it s a trivial fact that

%-P[Tz.(x_,()w (W)Edh+1}——2'(l\(/;_)2_#-exp{(2.(X_;)+'u) }

In a further step we compute the integrals of those three results along X from —oo to «.

A*(x)

fe"p{‘z} uu.exp{_wMX)“Y}M

X=—00

. A%(x) 1 . A(X)-u—x— dx
ifi‘“x)'e"p{‘ : BF ( u~<1u>ﬂ}d'

By integration by parts of the second integral and paying attention to the fact that

i/l(x) =2 we obtain
dx

2.\/12._7,'6Xp{_%2}" / [%}

Now, we have to transform the exponent of the integrand,

x+y—l(x)-u)z+/12(x)-u-(1—u)]

Earm AL

Evidently, this yields
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(X+,U l( ) ) +/12(X)-u-(1—u):
:(Xﬂl) =2-(X+ p)- A(X)-u+ A7 (X)-u? + 27 (x)-u—2%(x)-u? (0= e
(

X+,u) —(,u+2~1()‘/1(x)‘u=(X+,u)2—2~X~(,u+2-1()-u—(,uz—4-K2)-u=
=X +2:X(u-(1-u)=2-k-u)+ 2 -(1-u)+4-x7-u =

=(x+p-(1-u)- 2KU) (y+2./<)2-u.(1—u).

Thus we obtain

1 (ut26)| 1-u K
+2.\/ﬁ-exp{——'u ; } {(2-1(7“#)' 0 u‘(lu)}

M}m

exp{ yz} g {
*/_m 1-u)
m-y'(K+ﬂ—7-U)-exp{_§}., ,/ [%J_

yeXp{ 72} I Xtu—yu {_M} dx =
N -

- \/;_ﬂ.(l_yz).u.exp{_%z}“ y [K:;ZI—VU-) }r

e ) )

+
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2-u-(1-u)

M. u.(l_u).exp{_w}.

Finally, we compute the last integral

As a result from all those tedious computations we obtain the following closed formula for

J(u, k3 40),
(A-7>J(u,zc;u)=2~exp{_%2}_exp{ { ( u)]

2 + /
_exp{ * ,u ( 2. K+/,l
K+

+2- (1 (2- K‘+/J uexp{ (2 ”)2} (K+ﬂ)u.((?'_’:)fﬂ) N
+2-(2-k+p)-(k+ 1) exp{ 2K+'u } /- (K+ﬂ)u_((?_’:;ﬂ)u "

+J22_—” (2-xc+): exp{ = Hﬂ) } Ju-(1-u)- exp{—((KWz).u(.ZK:)ﬂ)'U) }

Considering eq. (A-7) for J (u, 0; ,u) and comparing this formula to equations (A-4) and (A-5)

we obtain the nice relation

u w 1

(A-8) J (U, O;:u) - eXp{_%z}_w'[O y'—"0 (1— y)2

~P[T_,(W)edy]-dw

APPENDIX B — Some Well-Known Fundamental Results of BROWNian Motion

1
Definition of a BROWNian Bridge. For the process Y :{Yt(o)} with Y =W, —t-W, we
t=0

have to prove that for all C e €°[0;1] the relation
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(B-1) PlY¥ec|=P[WeCcw,=0]

holds. Thus a BROWNian Bridge can be alternatively defined either by the conditional
1

probability P[W € C|\/V1 = 0] or by the representation as a stochastic process YO = {Yt(o)}
t=0

with Y =w, —t-w,.

PROOF. Evidently, we can assume that C e %[O;r] C %[0; 1] for a certain 0 <7 <1. Then we

immediately obtain the following equations using GIRSANOV’s theorem and the independence
of the increments of a WIENER process.

[ ] IP[ ecwex+dh] jp[w”ecw edh]

xeR xeR

2 2
exp{—%}- P[W e C;W, edh]= J‘ exp{—%}- J‘ P[W e C;W, edz;W, e dh] =

xeR zeR

2
exp{—%}- [ P[W eCW, edz]-P[W, -W, e ~z+dh]=

zeR

X’ 1 7’
- PIWeCW edz|-—- ———+-dh=
V x!]Rexp{ } Z!R [ e ’ ) Z] I_T exp{ 2(1_7)}

1 7’ P[W,-W, e =z +dh]
= | PIWeCGW,_ edz|- : —— = | PIWeCW_edz| - =
Z;[R [ - - Z] Vi-71 exp{ 2-(1—T)} ZJR [ - - < Z] P[Wledh]
B P[W e C;W, e dh]

oW, < dh =P[WeCW,=0].0

Joint Density of Occupation Times of a WIENER Process.

1
With respect to the conditional density of occupation times I" J- W > O -dt ofa
WIENER process
(B-2) P[T.(10)(W)eu+dhW, =0]=du, 0<u<I,

we shall directly derive the formula for the joint density P [F+ (LO)(W)edu;W, e dx] for all
0<u<I and forall xe R\{0}.

For the proof we use the last zero ©, (W ):= max {O <t< 1[\/Vt = O} of the WIENER process in
the interval [0;1].

PROOF. First we consider the case X <0 and derive the following equations.
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P[T,(L0)(W)edu;W, edx |= j P[T, (L0)(W)edu;0,(W)edt;W, edx]=

t=u

P[F+ (£0)(W) e du;W, =0]'P[T(,X) (W)el—t+dh}=

—

L(0)w)e Mo, =O]P[T(_X) (W)el-t+dn]=

—

Il
U 0
1 1
= !
+
—
>
()
SN
=
SN
m

W, :O]P[Wl Edh]'P[T(_X)(W)el—t+dh]:

e"p{‘z-éz—t)}

3 .

[t-(-0]

By an analogous argument the formula for X >0 can be provided,

—

dt-du-dx.

|
N | —
: x
3
Te—r—

—_

dt-du-dx.

3 .

© [e-y)

P (0)(W) < <] = 2L
4

t

Uniform Distribution of a BROWNian Bridge

According to BILLINGSLEY’s remark [cf. BILLINGSLEY (1968), eq. (11.42)] the uniform
distribution (B-2) can be elementarily proved by considering a random walk process

S={S,} , with S =&, where {&} _ is a sequence of independent, identically
i=l

distributed random variables with P[§i :il]zé for all ieN. Furthermore, the random

variable V = #{1 <k< 2-m|Sk71 >20AS, 2 0} is introduced. Then, we shall prove that the

following equation holds for all 0 <i<m,
P[V =2:i[S,,=0]=—r.

PROOF. For m=0 the equation trivially holds. Thus we only have to consider values me N.
Weset Y, = [V = 2-i|Sz‘m = 0] for 0 <i<m. In a first step it is proved that

S, (@)=0
P[V =0[s,,=0]=P[V=2[s, =0].

Let now be ©,(S) the last zero of S priorto 2-m, i.e.

®,(S):=max{0<2-k<2-m[S,, =0}.
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Since Voe Y :30<k<m:0, (S (a))) =2-k, we obtain a partition of Y, into m pairwise

(k)

disjoint classes Y,’, 0<k<m-1. Moreover, a similar partition of Y, into m pairwise

disjoint classes ng) , 0<k<m-1, with ng) = {a) eY |S2k+1 = 1} Then using the one-to-one

correspondence of @ and S(w) the mapping AN YW 5y with Al (S(a)))J =S, (o)
. k

for all 0<j<2:k, AP(S(w)),, =1 and AP(S(w)) =S_ (0)+1 for all

2:k+2<jJ<2-m is a one-to-one mapping. Evidently, the mapping A,:Y, > Y, with

AO(S(a))):Agk)(S(a))) for all a)ngk) is a one-to-one mapping, too, and the equation

P(Y,)=P(Y,) is proved. In the next step we have to prove the general case

P(Y,)=P(Y,,) for 1<i<m.First we introduce a last zero passage point functional
Z,(8)= max{0<2 j<2 m‘ j>0=8,,>0)rS,; =0A(j<m=S,;, < O)}
furthermore for Z(S)> 0 the zero passage point functional

ZO(S):=maX{OS2- J<E,(S)|(i>0=8,;,<0)AS,;=0AS, > 0}

and the last zero ©3° (S)prior to Z(S)>0. Evidently, Z,(S)<®;"(S) holds. Now Y,

(S(w)):z-k} with Y, =ir§t} .
k=1

there exists a unique 1<k <m such that weY" we define the

i+1

can be decomposed by the partition Y = {a)e Y,

i+l °

i+1

Since for all we Y.

i+1

i i+1

®;' (S(@))=2-h and E,(S(@))=2-k with 2 j<2-h<2-k such that

mapping (A(k))fl Y 5 Y, For fixed weY® we then have Z, (S(a))) =2-],

S (a)) =S, (60) =S, (a)) =S,, (a)) =0,
S,(w)=0 for all 2-j<v<2-h, S (w)>0 for all 2-h<v<2-k and S, (®)<0 for all

2-k<v<2-m. Since 2-j<2-h we set (A(k))_l(s(a)))vzsv(w) for all 0<v<2-j,

(Ak ) 1 () Sypun (@)—1  for all  0<v<2:(m-h)-1 and finally

2 j+v

(A )1 (w)) =S, (@) for all 0<v<2-(h-j). Then the mapping

2(m+j-h)+

( ) :Y,,, = Y, with (Ai )71 (S(a))):= (A.(k))_] (S(a))) is a one-to-one mapping, as can be

i+1 i

seen from definition, and so is A;:Y; > Y,,,. Thus we have P(Y;)=P(Y,) for all

m
0<1i,<m, and since Q= ZYi the assertion holds. [

i=0
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