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firm value V4
arbitrary stochastic process

n warrants with

— total value nW(V4)
— maturity 1T' < 1T'p
— strike price K

debt Dt(‘/%)

— face value F

— zero coupon bond
— maturity T'p

N shares
of common stock with
total value N.S¢(V4)

= Vi = NSy(Vy) +nWi(Vy) + D(Vy)
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Assumptions:

e Warrant exercise only at t = T (European-type warrant) and
exercise at t = 0 or t = T' (American-type warrant), respectively:

one new share per warrant (for strike price K)

e Reinvestment of exercise proceeds in the same risk class
e No taxes, no transaction costs, no arbitrage

e No regular dividend payments
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e m € [0, n] exercise policy of the warrantholders at time ¢t =T

e V- last firm value before T

= VT:VT—+mK

o for all t € [T, Tp)]
Vi = 5i(Vi) + Di(Vi) = (N +m)Sy (V) + Dy(V))

and

Vi, = STD(VTD) + min{ F; Vr, }

e Common stock can be seen as a call option on the firm’s assets, since

STD<VTD> = max{VTD — F; O}

e Therefore: AT(V) L.5r(V) € (0,1) (“Delta”) and

[p(V) = aVQST( ) >0 (“Gamma”)
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1. Block exercise, unrestricted exercise
and sequential exercise

e block exercise strategy at maturity:
0 for +#=Sr(Vp-+nK) < K
n for #=Sr(Vr-+nkK) > K.

e unrestricted exercise strategy:
all other strategies at maturity for European-type warrants

e sequential exercise strategy:
some of the American-type warrants are exercised before maturity
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Stock price by Block exercise strategy
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stock price
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firm value

Assumption: V; follows a geometric Brownian motion
Parameters:

r=5% o=025 F=80,000,T) —T =4, N =100, n = 100 and K = 100.
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Key results of related literature

e Ingersoll (1977):
“Sequential exercise can be optimal for a monopolistic warrantholder.”
(additional debt is not considered)

e Spatt and Sterbenz (1988):

— “There are reinvestment policies for which sequential exercise is not
advantageous.”

— “Sequential exercise may be advantageous for monopoly and oligopoly
warrantholders.”

(additional debt is not considered and the magnitude of the advantage not
analysed)

e Biihler and Koziol (2003):
“Unrestricted exercise can be optimal for pricetakers in the presence of
additional debt.”
(market structures with non-pricetakers are not analysed)
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2. Unrestricted exercise of European-type warrants

Noncooperative game

e [ set of warrantholders and P measure on [

e Warrantholder ¢ € I holds n; warrants with n = f n;dP
I

e Warrantholder i € I exercises m; € [0, n;] warrants with m = [ m;dP
I
at time t =T (m_; exercise policy of all warrantholders without 7)

e Payoff function of warrantholder ¢ € I with P({i}) = 0 (warrantholder 7 is
non-atomic player/ pricetaker)

m(mi, m_;, VT‘) = NT:L_ZmST(VT + mK) — m@K

e Payoff function of warrantholder A € I with P({A}) = 1 (warrantholder A is
atomic player/ non-pricetaker)

m _
7TA<mA7m—A7 VT-) = N+ mAA+ - AST(VT— + malK + m_AK) — mayK .
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Nash equilibrium

(m);er is a Nash equilibrium, if

mmi,m Vi) = milmi, me, Vi)

for all i € I and m; € [0, n,].

Non-atomic game:

e all warrantholders are pricetakers and f 1dP =1
I

e all warrantholders have the same number of warrants,
le.n; =njforalli, g el
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Exercise policies of pricetakers

The strategy
(0,0)  for V- € [0,V)
(m;,m~;) = (¢%,27) for V- € [V, V)

(n;,n) for V- € [V

is a Nash equilibrium with

and
1
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Stock price in the non-atomic game
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Assumption: V; follows a geometric Brownian motion
Parameters:

r=5% o=025 F=80,000,T) —T =4, N =100, n = 100 and K = 100.
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Exercise policies of non-pricetakers

One-atomic game:

A € I warrantholder with P({A}) =1 and na > 0

All other warrantholders are pricetakers with f ldP =1and n;, =n; =n_4
IN\{A}

The strategy

C (0,0)  for Vy- € [0,V)
(0,z* 4) for Vy- € [V, V)
(@), n_a) for V- € [V

\ <nA7n—A> for VT_ S :VA7OO>

-VAv VA)

N\

(mjzb miA) —

is a Nash equilibrium with

1 _
K = St(Vine * K
Ntz r(Vp- + 27 4 K)

N4+n_y - xz
K = StV +n_1K + 25 K) +
(N +n_a+2%)? r(Vr A AkK) N +n_a+ 2%

KAp(Vp- +n_aK + 23 K) .
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Two-atomic game:

Two warrantholders with ng +n, = n and ng > n,

The strategy

( (0,0) for V- € [0,V)
(my, mp) = < (x5, ;) for Vp— € [V, V)
b (nb,m*B) for V- € _Vb,VB)
\ (nbanB> for VT_ S :VB,OO>
is a Nash equilibrium with
K= 4D g om k) 4 — T KAV + 2 K)
(N2t T N 427 VT T
N +n_y - Tp
K = - K K
(N+n_b+xj§)2ST(VT R )+N+n_b+xB

—KAr(Vp- +nyK + 25K).
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Optimal exercise policy
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Assumption: V; follows a geometric Brownian motion

Parameters:

r=>5%,0=0.25 F=280,000,Tp — T =4, N =100, n = 100 and K = 100.
nga=mnpg=00and n_4 = ny, =40
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Exercise values of European-type warrants
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Assumption: V; follows a geometric Brownian motion

Parameters:

r=>5%,0=0.25 F=280,000,Tp — T =4, N =100, n = 100 and K = 100.
nga=mnpg=00and n_4 = ny, =40
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3. Sequential exercise of American-type warrants

Rescaling the firm’s investment

e Iixerciseint =0ort="1T

e m € [0, n] exercise policy in t = 0; sales of n — m warrants to pricetakers

e my € |0,n — m| exercise policy in t = T of pricetakers

e All warrantholders know V[, and probability measure () of random variable Vi
e [nvestment of exercise proceeds in the same risk class (“rescaling”)

e Current stock price is given by

K
S()(Vb, m) = e_TT/ St <Vb om Vi + mT(VT)K> d()
R, Vo
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Example: Sequential exercise

Assumption: V; follows a geometric Brownian motion with Vi = 65, 000
Parameters: r = 0%, o = 0.3, F = 15,000, Tp = 5.5, T = 0.75, N = 50, n = 50
and K = 250.

e non-atomic game: 50 warrantholders with each 1 warrant exercise no warrants

e one-atomic game: 25 warrantholders with each 1 warrant exercise no warrants
1 warrantholder with 25 warrants exercises 23 warrants

e two-atomic game: 2 warrantholders with each 25 warrants exercise each 17
warrants

e monopoly: 1 warrantholder with 50 warrants exercises 50 warrants

Non-atomic | One-atomic | Two-atomic | Monopoly

game game game
stock price 625.63 625.68 625.70 625.76
warrant price 375.64 375.74 375.81 375.96

debt value 14,936.41 | 14,932.54| 14,930.05| 14,924.49
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Bounds on the warrant’s price sensitivity

e Warrant price Wy(Vj, m) is an increasing and convex function of the number of
warrants exercised, m.

e Lower bound: of partial derivative

1 o7 9,
— — e T < — *
nAK (1—€e) < 5 Wo(Vo, m™)

e Upper bound: of partial derivative

5, 1 1
S WlVam) € —K (1= ) + —KQ({Vr < Vy(m")}).

Vr(m™): highest firm value in T without any warrant exercise

e No warrant is exercised, if the interest rate r is sufficiently high, as the marginal

payoff is bounded by
0 n A W™ (W)
— < K
(9mA7TA(mA’ m) < N +n Vi

where W' is the price of an at-the-money warrant with maturity 7'

—K(l —e_TT) .
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Example: Monopolistic warrantholder

e Assumption: V; follows again a geometric Brownian motion
Parameters: r = 1%, o = 0.4, Vi = 63,000, F' = 15,000, Tp = 7, T = 1,
N =50, n =50 and K = 250.

e [ixercise policy of a monopolistic warrantholder:
m* = 4 with Wy(Vy, 4) — Wy(Vp, 3) = 373.64 — 373.57 = 0.07 .

e Bounds on the warrant price sensitivity:
— Lower bound: !

— K (1—e ) =0.0498
nA

— Upper bound:

1 1
— K (1—e ™)+ —KQ({Vr < Vy(m*)}) = 0.0629 + 0.0498 = 0.1127 .
nA nA

e Absolute difference by exercise of 4 warrants:

less than 0.4508 = 0.12% of Wy(Vh, m™).
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Investment in zero bonds

e Investment of exercise proceeds in zero coupon bonds

e Stock price is given by

So(Vo,m) =e " / St (Ve + e"'mK + mr(Vr)K) dQ
Ry

e Payoff function m;(-) is decreasing w.r.t. m; for all ¢ € [

e Optimal exercise policy is m; =0 for all 2 € [
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4. Price impact of the block exercise constraint

e Warrant price in the presence of pricetakers and block exercise

firm value in 1,000

time to maturity

Assumption: V; follows a geometric Brownian motion

Parameters:

=4, N =100, n = 100 and K = 100.

r=5%, 0 =025 F=80,000, Ty —T
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e Absolute price differences:

warrant price (monopoly) - warrant price (pricetakers)
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firm value in 1,000

time to maturity

Assumption: V; follows a geometric Brownian motion

Parameters:

r=5% o=025 F=80,000, Ty —T =4, N =100, n = 100 and K = 100.
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warrant price (pricetakers)

warrant price (monopoly)

7
0
o

0254

firm value in 1,000

time to maturity

Assumption: V; follows a geometric Brownian motion

Parameters:

=4, N =100, n = 100 and K = 100.

r=5%, 0 =025 F=80,000, Ty —T



t. linder / s. trautmann exercise of warrants: for whom does it pay? 24

Volatility of Equity

oy volatility of the firm value, og volatility of the equity

m*(Vr) optimal exercise rate of the warrantholders in time T

o5 = Oy
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takers versus monopoly

Volatility of Equity
price

time to maturity firm value in 1,000 80 time to maturity

80

firm value in 1,000

r=5% o=025 F=80,000,T) —T =4, N =100, n = 100 and K = 100.

Assumption: V; follows a geometric Brownian motion

Parameters:
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5. Conclusion
e Scquential exercise is either not optimal or leads to an insignificant price impact,
if the exercise proceeds rescale the firm’s investment.

e Unrestricted exercise (as opposed to block exercise) is beneficial in the presence
of non-pricetaking warrantholders.

e In the presence of monopoly or oligopoly warrantholders, warrants are traded
between pricetakers for a higher price.

e Unrestricted exercise pays for all warrantholders in the presence of non-
pricetakers.



